Background {#Sec1}
==========

Commercial pig producers generally use a terminal crossbreeding system with three breeds. In this system, F1 sows from two maternal breeds are mated to purebred boars from a breed that has high-level production traits (growth, leanness, feed efficiency) to produce pigs for slaughter. Commonly, boar lines in Europe are Duroc and Pietrain and sows are crosses between Large White and Landrace. Genetic evaluation is usually done within each of these breeds based on recorded phenotypes on purebred animals. However, ideally genetic evaluation of purebreds should incorporate phenotypes of interest recorded on crossbreds, and breeding values for performance in the three-way cross should be estimated.

Many pig breeding organisations have started to use genomic selection \[[@CR1]\], for which genetic evaluation is often done by applying single-step methods \[[@CR2]--[@CR4]\] to handle the fact that only a fraction of the animals are genotyped. Here, the pedigree-based additive genetic relationship matrix is replaced by a combined relationship matrix based on both marker genotypes and pedigree. Genomic selection is implemented for purebreds, but it also offers opportunities for incorporating information from crossbreds and selecting for crossbred performance \[[@CR5]--[@CR7]\].Table 1Example pedigreeidFatherMotherPopulation100$\documentclass[12pt]{minimal}
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The aim of this work was to develop models for three-way terminal crosses that handle both pedigree-based and marker-based relationships, as well as combined relationship matrices based on both pedigree and marker genotypes. As indicated above, an essential part of the model is the specification of relationships such that the model can be fitted by using standard animal breeding software.

Methods {#Sec2}
=======

We present a specific scenario with records on all three pure breeds and on three-way production pigs, but not on two-way crossbred sows, having in mind production traits such as daily gain, leanness or feed efficiency. However, since we will specify relationships across all five populations, it is straightforward to generalise to other scenarios with records.Table 3Breed $\documentclass[12pt]{minimal}
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The model for this three-way terminal crossbreeding system is in principle a straightforward generalisation of the Wei and van der Werf model \[[@CR8]\] to the following four-variate model:$$\documentclass[12pt]{minimal}
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First, partial genetic and common genetic approaches for constructing pedigree-based relationships are presented, then the corresponding two different ways of constructing marker-based relationships are presented, and finally the genetic variances and covariances in model ([2](#Equ2){ref-type=""}) are shown for the two approaches. Detailed derivations are in the "[Appendix](#Sec10){ref-type="sec"}".
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For the three-way crossbreeding system, the decomposition of the additive genetic effects by García-Cortés and Toro \[[@CR14]\] is as follows. For a $\documentclass[12pt]{minimal}
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In this way, a breed-specific partial genetic effect is defined for all animals containing the specific breed, and a breed-segregation partial genetic effect is defined for crossbred $\documentclass[12pt]{minimal}
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To illustrate the different partial relationship matrices, we analysed the small pedigree in Table [1](#Tab1){ref-type="table"}. Tables [2](#Tab2){ref-type="table"}, [3](#Tab3){ref-type="table"}, [4](#Tab4){ref-type="table"} and [5](#Tab5){ref-type="table"} show the partial relationship matrices for this example.

Wei and van der Werf \[[@CR8]\] presented a reduced form of the two-way crossbreeding model ([1](#Equ1){ref-type=""}) in which the Mendelian sampling term of the genetic effect on crossbred animals was included in the residual error term. A reduced model can also be formulated for the three-way crossbreeding model by expressing:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}\mathcal {B}$$\end{document}$ animals. However, as explained in Christensen et al. \[[@CR11]\], such a reduced model cannot be extended to incorporate marker genotypes since these provide information about the Mendelian sampling term. Therefore, we did not pursue the reduced form of the model any further.

Note that model ([2](#Equ2){ref-type=""}) with relationships as presented here is the most obvious generalisation of the Wei and van der Werf model in Eq. ([1](#Equ1){ref-type=""}) from two to three breeds since base individuals are assumed unrelated. Without a formulation using partial relationship matrices, it would be difficult to estimate parameters in this model using standard animal breeding software.
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In the previous subsection, base animals were assumed to be unrelated. An alternative proposed by Legarra et al. \[[@CR15]\] is to assume that base animals are related and inbred within breeds and related between breeds with relationships determined by:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\text {Cov}}(g_i,g_{i^{\prime }})= \sigma _g^2\gamma _b, \end{aligned}$$\end{document}$$for two individuals in breed *b*, i.e. base animals are inbred with coefficient $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _b/2$$\end{document}$ and related with relationship coefficient $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _b$$\end{document}$. Furthermore,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\text {Cov}}(g_i,g_{i^{\prime }})= \sigma _g^2 \gamma _{b,b^{\prime }}, \end{aligned}$$\end{document}$$for two individuals in different breeds *b* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b^{\prime }$$\end{document}$, i.e. base animals in different breeds are related. Therefore, a joint relationship matrix is specified among all base animals, and by applying the usual recursive definition:$$\documentclass[12pt]{minimal}
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Legarra et al. \[[@CR15]\] suggested a framework where individuals in the base population of the pedigree are related because they originate from overlapping ancestral populations with a finite size, and they termed each of these ancestral populations as a meta-founder to be included in the pedigree. Here, $\documentclass[12pt]{minimal}
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Marker-based partial relationship matrices are constructed by tracing breed of origin of alleles and defining relationships according to breed of origin. Assume that breed of origin of alleles can be determined for all animals and define breed-specific allele content matrices as: matrix $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {C}(\mathcal {A}\mathcal {B})$$\end{document}$ animals when the breed-specific allele is inherited and zero otherwise. This means that breed of origin of each allele needs to be traced, usually by a phasing software \[[@CR18]\].

Marker-based breed-specific partial relationship matrices are constructed as follows (details can be found in the "[Appendix](#Sec10){ref-type="sec"}"). For breed $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}\mathcal {B}$$\end{document}$ animals,$$\documentclass[12pt]{minimal}
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Finally, to incorporate the fact that marker genotypes only capture a fraction of the genetic effects, the partial marker-based relationship matrices $\documentclass[12pt]{minimal}
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The marker-based relationship matrix is constructed as usual across all genotyped animals:$$\documentclass[12pt]{minimal}
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Discussion {#Sec8}
==========

For three-way crossbreeding, we presented models based on both pedigree-based, marker-based and combined relationships. Using combined relationship matrices results in a model for genetic evaluation where both pedigree and marker genotypes are used simultaneously for genetic evaluation, i.e. a single-step method for genomic evaluation. This paper provides the models and mathematical formulas, but a numerical implementation is needed before the methods are ready for use in practice. Such methods make it possible to incorporate phenotypes and genotypes on crossbreds into an existing genetic evaluation system, assuming that such a system is based on a single-step method.

The models for three-way crossbreeding investigated in this paper were four-variate models where each variable was measured in a specific population, $\documentclass[12pt]{minimal}
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Two types of approaches for constructing additive relationships were presented, based on different assumptions about allele substitution effects of causal loci or SNPs. In the partial genetic approach, allele substitution effects of SNPs were assumed independent between breeds, whereas in the common genetic approach, they were assumed to be the same in different breeds. The partial genetic approach requires that alleles are traced according to breed of origin, which is feasible in some scenarios but may be difficult with sufficient accuracy in others. In particular, when crossbred $\documentclass[12pt]{minimal}
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Other terminal crossbreeding systems are of interest in pig production. Models for two-way crossbreeding are relevant for sow-traits measured on animals from breed $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}\mathcal {B}$$\end{document}$, and such models were presented in Christensen et al. \[[@CR11]\] using partial genetic relationship matrices. An alternative to this partial genetic approach would be to use the common genetic approach presented here. The four-way crossbreeding system where crossbred $\documentclass[12pt]{minimal}
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                \begin{document}$$(\mathcal {C}\mathcal {D})(\mathcal {A}\mathcal {B})$$\end{document}$ pigs for slaughter, is also used in pig production. The approaches in this paper can be extended to such a system, and the resulting model would be a five-variate model. Using the partial genetic approach, there would be four breed-specific partial relationship matrices and two breed-segregation partial relationship matrices, and the corresponding model for purebred and crossbred performances would contain 14 genetic parameters, whereas using the common genetic approach, the model for purebred and crossbred performances would contain 15 genetic parameters.

Many papers have reported genetic correlations between purebred and crossbred performances \[[@CR21]--[@CR26]\]. The reported estimated correlations ranged from 0.38 to 0.946, depending on trait and on differences in the environment, and in general with relatively high standard error on the estimates. The higher the genetic correlation, the less gain there will be by including crossbred data into the genetic evaluation system. All these results are from two-way crosses, and the authors are not aware of publications based on data from three-way crossbreeding where data in purebred and crossbred populations are considered to be different traits. The models presented in this paper should be useful to investigate such data from three-way crossbreeding.

Conclusion {#Sec9}
==========

Models for genetic evaluation in the three-way crossbreeding system are presented. These models provide estimated breeding values for both purebred and crossbred performances, and can use pedigree-based or marker-based relationships, or combined relationships based on both pedigree and marker information. This provides a framework that allows information from three-way crossbred animals to be incorporated into a genetic evaluation system.

Appendix {#Sec10}
========

Here, explicit and detailed derivations of the additive relationships across purebred and crossbred animals related to the $\documentclass[12pt]{minimal}
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In the derivation, both partial genetic and common genetic approaches for the variance-covariance of genetic effects for crossbred $\documentclass[12pt]{minimal}
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                \begin{document}$$a_j$$\end{document}$ is the additive effect of the *j*-th allele. Above, both expectations and allele frequencies refer to the base populations, and it is assumed that in each base population, alleles are assigned randomly to individuals. It is further assumed that effects for different loci are independent. Here, we introduce the notation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha ^b_{s_i^j}=\alpha _{s_i^j}-\epsilon _j^b$$\end{document}$ when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s^j_i\in b$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha ^b_{d_i^j}=\alpha _{d_i^j}-\epsilon _j^b$$\end{document}$ when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d^j_i\in b$$\end{document}$, such that the expectations of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha ^b$$\end{document}$s are equal to 0.

First, pedigree-based additive genetic relationships are derived using the partial genetic approach and common genetic approach, respectively, and second the corresponding marker-based relationships are derived.

Additive genetic model for crossbred $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {C}(\mathcal {A}\mathcal {B})$$\end{document}$ performance: partial genetic approach {#Sec11}
-------------------------------------------------------------------------------------------------------------------------------

Contrary to Lo et al. \[[@CR13]\] and Garcia-Cortes and Toro \[[@CR14]\], in the derivation presented here, we first split the genotypic values according to breeds of origin instead of computing the variances and covariances and then splitting them. The reason for this is for similarity with the derivation of the corresponding genomic model using the partial genetic approach that appears in a following subsection.
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Note that the breed-segregation term disappears here, since the differences in the $\documentclass[12pt]{minimal}
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A genomic version of the model with common genetic effects across breeds can be formulated by replacing $\documentclass[12pt]{minimal}
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